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In 1929, Birkhoff proved the existence of an entire function F on C with the
property that for any entire function f there exists a sequence {a;} of complex
numbers such that { F({+a;)} converges to f({) uniformly on compact sets. Luh
proved a variant of Birkhoff’s theorem and the second author proved a theorem
analogous to that of Luh for the multiplicative group C*. In this paper extensions
of the above results to the multi-dimensional case are proved. Let M(n, C) be the
set of all square matrices of degree n with complex coefficients, and let G=
GL(n, C) be the general linear group of degree n over C. We denote by «/(G) the
set of all holomorphic functions on G. Similarly, we define .«/(C). Let K be the
2/(G)-hull of a compact set K in G. Finally we denote by B(G) the set of all com-
pact subsets K of G with K= K such that there exists a holomorphic function f on
M(n, C) with £(0) ¢ (f(K))" , where (f(K))" is the .&/(C)-hull of f(K). Our main
result is the following. There exists a holomorphic function F on G such that for
any K e B(G), for any function f holomorphic in some neighbourhood of K, and for
any ¢> 0, there exists Ce G with max, g |[F(CZ) — f(Z)| <e&.  © 1999 Academic Press

0. INTRODUCTION
In 1929, Birkhoff proved the following theorem [5].

THEOREM. There is an entire function F({) in one variable such that for
any entire function f({) there exists a sequence {a,} of complex numbers
with

SO =1lim F({+a,)  onC,

n— oo

where the convergence is uniformly on compact sets.
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Such a function is said to be universal.

There is an extensive literature on the field of functions which are
“universal” in different respects. In 1941, Seidel and Walsh [24] showed
the existence of universal functions for non-Euclidean translations on the
unit disk. Heins [ 12] considered universal functions in the family of bounded
holomorphic functions of modulus at most one on the unit disk. Voronin [ 25]
showed that Riemann’s zeta-function has a kind of “universality property.”
There are extensions and variants of this result (Reich [21, 227, Gavrilov
and Kanatnikov [8], and Bagchi [2]).

Luh [16] proved the following theorem in 1976.

THEOREM. Let {a,} be a sequence in C with limit co. Then there is an
entire function F({) such that for every compact set K with connected
complement in C and for every function f({) holomorphic in the interior of
K and continuous on K, there exists a subsequence {a,, | such that { F({ +a, )}
converges to f({) uniformly on K.

In 1988 the second author [26] replaced the additive group of complex
numbers C by the multiplicative group C* and proved the existence of
universal functions on C*. His theorem is as follows.

THEOREM. There exists a holomorphic function F on C* such that for any
compact subset K whose complement in C* is connected, for any continuous
function f on K which is holomorphic in the interior of K, and for any ¢> 0,
there exists ¢ € C* with

max [F(c() — f({)] <e.
{eK

For further results and related problems, we refer to [3, 4, 7, 9, 11, 15,
17-20] and their references.

All of the above results are in the case of one variable. The first author
extended the results of Birkhoff and Luh to the case of several variables
under a special condition on sequences in C” in [1]. Later, the second
author pointed out that this condition can be removed.

In this paper, we show that the extensions of Birkhoff’s result and Luh’s
result hold without this condition. In [1], the first author considered
multiplicative universal functions in several variables. Let GL(n, C) be the
group of all non-singular matrices of degree n with complex coefficients,
which is called the general linear group of degree n over C. He proposed
the following problem [1].

Problem. 1Is there a holomorphic function on GL(n, C) which has a
kind of universality property as in the case of C*?
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The main purpose of this paper is to answer the above problem.
Theorem 4 in Section 3 is our main result.

We should note that there are two papers [ 6, 10] in addition to [ 1] that
deal with universal functions in several variables. In [10] an extension of
Birkhoff’s theorem was proved.

1. SEPARATION LEMMA

Let S be a Stein manifold. We refer the reader who is not familiar with
Stein manifolds to [13]. We denote by .«/(S) the set of all holomorphic
functions on S. For a compact set K< S, we define the .Z(S)-hull K of K
by

K:={x€eS;|f(x)| <sup|f] il fe.(S)}.

A compact set K is said to be .Z(S)-convex if K =K.

If S=C, then K is just the union of K and relatively compact com-
ponents of C\K. Therefore, if K; and K, are disjoint and .o#(C)-convex,
then (K, UK,)" =K, UK,. Moreover, any finite disjoint union of .<Z(C)-
convex sets is again .o7(C)-convex.

On the other hand, in the several complex setting there is no such nice
geometric characterization of the .«/(S)-hull of a compact subset K. This is
a crucial point when we deal with approximation problems in several
variables. However, we have the following lemma which is useful in our
arguments. Although Kallin [14] only proved the case in which S=C"
and f'is a polynomial, her proof also works in the more general situation.
We give it for the convenience of the readers.

SEPARATION LEMMA [14]. Let S be a Stein manifold, and let X,, X, be
compact subsets of S. Suppose that there exists f € .o/(S) such that

JX) " 0 f(Xy) " =D,
where f(X;)" is the o/ (C)-hull of f(X;) for i=1, 2. Then we have
(Xl UXz)A ZXI U)?z.

Proof. By the definition of .«Z(S)-hull, it is obvious that (X; U X;,)"
X, U X,. Then it suffices to show that if x ¢ X; U X,, then x ¢ (X, U X,)".

Suppose x¢ X, uX,. If f(x)¢f(X,)" Uf(X,)", then there exists
ge o/(C) by Mergelyan’s theorem such that |g(f(x))|>1 and |g(z)| <1
on f(X|)"Uf(X,)". Letting h:=gofeo/(S), we obtain |i(x)|>
max, .y o x, [(y)|. Hence x ¢ (X; U X;)".
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Consider the case that f(x)ef(X;)" uf(X,)". We may assume that
f(x)ef(X;)". Since x ¢ X, there exists g € .2/(S) such that g(x)=1, |g| <1
on X;. Let M :=max{|g(y)|; ye X,}. Using Mergelyan’s theorem again,
we can take re./(C) such that [r—1| <% on f(X;)" and |r| <1/2M on
f(X,)". Then h:=(rof)-g is a holomorphic function on S satisfying that
|h(x)—1] <%, |h| <3 on X| UX,. Therefore x¢ (X, UX,)". 1

CoRrOLLARY [14]. If X, and X, are disjoint convex compact sets in C",
then X; U X, is o/(C")-convex.

Proof. We can take a linear polynomial as f'in the Separation Lemma.

By virtue of the Separation Lemma, it is easy to apply in C” the
arguments used to prove the theorems on universal functions in C.

2. UNIVERSAL FUNCTIONS ON C¥

In this section we improve the results in the previous paper [ 1] by the
first author. We denote the usual norm of z=(z,, .., z,) € C" by |z|| :=
(3, 1z:/)Y2 For aeC” and r>0, we define the open ball B(a;r):=
{zeC"; |z—a| <r} centered at a with radius r. The closed ball centered
at a with radius r is defined by B(a;r) :={zeC"; |z—a| <r}. We write
B(r)=B(0;r) and B(r)= B(0; r) for the sake of simplicity. For a compact
subset K of C”, we denote by .o/(K) the set of all functions which are
holomorphic in some neighbourhood of K. We take a sequence { Py, P,, ...}
of holomorphic functions on C” which is dense in .«Z(C").

THEOREM 1. Let {a"} be a sequence in C" with |a'?|| - oo (j— o),
and let {e®} be a decreasing sequence of positive numbers with ¢* — 0
(k— o0). Then there exist Fe .o/(C") and an increasing sequence {r,} with
r, = o0 (k— o) having the following property. For any k, there exists j,
such that

|F(z+aY) —P,(z)| <e®  on B(r;).

Proof. There exists a subsequence {a¥} of {a”} as follows. If we set
ro :=1 and

1= 3@ = a0,

then {r.} is an increasing sequence of positive numbers and r, — oo
(k— o0). We put 4:=Y7_,(1/k?).
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We construct a sequence {Q;}q° of polynomials by induction. Let
0, =0. Assume that O, _, has already been determined. We define L, _ :=
B(|la¥%-| +r,_;) and C,:=B(a"¥); r;). By the choice of {r,} we have
L,_1nCr=. Applying the Corollary, we obtain that L,_; uCy is
o/ (C")-convex. Then there exists a polynomial Q, such that

N0)

— <7
zreni):|Qk(z) Ok —1(2)] KA
(k)

max |Q4(z) — Py(z —a)| <“—
zeCk 2

(see Theorem 4.3.2 in Hormander [13]).
Define

F(z):= (Qk( )= Or_1(2)).

TMS

Then F(z) is an entire function on C”. Since C, < L,, we obtain

max_|F(z +a"%)) — P(z)|
ze€ B(ry)

=max |F(z) — P;(z —a")|

ze Cy
<max |F(z) — Qu(2)| + max |Qx(z) — Py(z —a™¥)]
zeLy zeCy

(k)
< ¥ max|0,,(2) - 0,0+

u= k Z€Lg

<e® ]

Let 2 be the set of all compact sets K in C" with K= K. In the same
way as in [ 1], we can prove the following theorems, which are extensions
of Birkhoff’s theorem and Luh’s theorem. We give their proofs for the sake
of completeness.

THEOREM 2. Let {a’} be a sequence in C" with ||a?| — oo (j— o0).
Then there is an entire function F(z) on C" with the property that for every
entire function f(z) there exists a subsequence {a“} of {a} such that
{F(z+a"Y)} converges to f(z) uniformly on compact sets in C".

Proof. Take a decreasing sequence {&®} of positive numbers with
e® -0 (k— o). For the given sequence {a“”} and this sequence {&*},
there exist Fe./(C") and an increasing sequence {r,} with r, — oo
(k—> o0) in Theorem 1.
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We show that this entire function F has the required property. Let f be
an entire function on C”. Since {P,} is dense in .o/(C"), there exists a
subsequence { P, } such that f(z) =lim,_, ,, Py (z). Then, for any ¢ >0 and
any r >0, there exists a positive integer /, such that

|f(z)—P(,(z)|<% for zeB(r) and /3>/,.

We can take a positive integer 7, with 7, >/, such that ¢%*4) <¢/2 and

r.. >r. For ze B(r) and ¢ > /,, we have
/1
|F(z+a")) — f(2)| < |F(z +aY%)) — P (2)| + | Py, (2) = f(2)]

&
Uep) L. &
<4+ —-<e.
2
This completes the proof. |

THeOREM 3. Let {a} be a sequence in C" with ||aP| — oo (j— o0).
Then there is an entire function F(z) on C" with the property that for every
Ke A and every f e o/ (K) there exists a subsequence {a“®'} of {a"} such
that {F(z +a"))} converges to f(z) uniformly on K.

Proof. Let {¢®} be a decreasing sequence of positive numbers with
¢® — 0. We can take Fe.o/(C") and an increasing sequence {r,} as in the
proof of Theorem 2. For Ke . #" and f e .</(K), there exists a subsequence
{Py,} of { Py} such that

1
max | f(z) — Py, ()| <5

zeK /

for any positive integer / by an approximation theorem in several variables
(Corollary 5.2.9 in Hoérmander [13]). If 7 is sufficiently large, then
K < B(r,). Therefore we have

max |F(z + aY%)) — f(z)]

zekK

< max |F(z+aY%))— P, (z)| + max | f(z) — Py (2)]
zeB(rk/) zeK

1
(ky) 4 —
<&t 4 —.
l

Hence we obtain the conclusion. |
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3. UNIVERSAL FUNCTIONS ON GL(N, C)

We denote by M(n, C) the set of all square matrices of degree n with
complex coefficients. The group GL(n, C)={ZeM(n, C);det Z+#0} is
called the general linear group of degree n over C. For the sake of
simplicity, we write G = GL(n, C). We define for r >0,

1
C(r) :={ZeG;r< |det Z| <r},

D(r):={Z=(z;)e M(n,C); |z;| <r (i, j=1, .., n)},
K(r):=C(r) n D(r).

Then K(r) is a compact set in G with K(r)" = K(r), where K(r)”" is the
2/ (G)-hull of K(r).

According to [26], we define two families B(C) and B(C¥*) of com-
pact sets in C and C¥*, respectively. The set B(C) consists of compact
sets in C whose complement are connected. Similarly, B(C*) is the set of
all compact sets K in C* such that C*\K is connected. It is obvious that
B(C*)<= B(C).

LeMMA 1. There exists a sequence F ={L,} in B(C) such that for
any Le B(C) and any neighbourhood U of L there exists L, with L< L,
c U

Proof. Let = {B,},.;be a countable open base of C which consists of
simply connected relatively compact open sets. Take a sequence {K,} in
B(C) such that K; =K, ; and U2, K;=C.

Consider Le B(C) and a nelghbourhood W of L. Since every compact
set in B(C) has a fundamental neighbourhood system consisting of simply
connected neighbourhoods (Lemma 1 in [26]), there exist simply connected
neighbourhoods U, V' of L and j, € N such that

LcVcUcCW, UcKk,.
The compact set K, \U can be covered by a finite number of open
sets B;,..,B;, €% such that B, cC\V and B, n(K;\U)# & for
k=1,.

We set M =K, \(Uz=: B;,)- Then we have L= M < U. Since C\M is
connected, M e B(C)

Let # be the set of all compact sets in B(C) which are of the form
K \(U; cr Bir), where I' is a finite set. Then & is denumerable and has the
required properties. ||

119 e
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DerFINITION.  We denote by B(G) the set of all compact subsets K of G
with K=K such that there exists f'e.«/(M(n, C)) with f(0)¢ (f(K))",
where (f(K))” is the o7(C)-hull of f(K).

PROPOSITION 1.  There exists a sequence F = {K,} in B(G) such that for
any Ke B(G) there exists K; with K < K.

Proof. Let @(Z):=Trace('ZZ)+ 1/|det Z|%. Then ¢ is a C* strictly
plurisubharmonic function on G and satisfies that {Z e G; p(Z) <c} is a
relatively compact subset of G for any ¢ >0. Let {c,} be a strictly increas-
ing sequence of positive numbers such that ¢, — oo (o — o0). Take a dense
countable subset { f;} ° = .o/(M(n, C)). Let {L,} be a sequence in B(C) in
Lemma 1. For any f e «/(M(n, C)), we denote by {L, (f)} the subsequence
of {L,} consisting of L, with f(0)¢L,. '

We define

K3 () =" L, (/) {ZeG p(Z)<c,).
Then K;j( f) is a compact subset and satisfies (K;j_( m» =K§j( /). We set
F = {K;}_(fl); a, 2eN}.

Then & is a countable set.

We show that the family # has the desired property. For any K € B(G),
there exists f € .o/(M(n, C)) such that f(0) ¢ (f(K))". Since ( f(K)) " € B(C),
(f(K))" has two relatively compact simply connected neighbourhoods U,
and U, such that U, = U,, f(0) ¢ U,. By the density of { f;} in «/(M(n, C)),

we can take f; such that f,(K)< U,, f4(0)¢ U,. Since (U,)< U,, there
exists L, such that (U;) = L, = U, by Lemma 1. It is obvious that ( f;(K))" <
(U,). Then we have K% f;) o K for a sufficiently large o. |

LEmMMA 2. For any finite number of compact sets K, K,, .., K; € B(G)
and any r >0, there exist C,, C,, ..., Cg € G such that (K(r)v (Ui_, C;K;))"

=K(r)u (Ui, CK), K(r)n C;K; = fori=1, ..., s and C;K, n C;K; = (J
for i+ .

Proof. We prove the lemma by induction.

Let s=1. For any Ke B(G) there exists fe.oZ/(M(n, C)) such that
f(0)¢(f(K))"~. Take a closed ball B with center at f(0) such that
BN (f(K))" =. Let r>0. Then there exists ce C* such that if we set
C~'=c¢7'I then f(C~'K(r))= B and K(r)n CK= . Here I is the unit
matrix of degree n. We define

fe(Z):=f(C'Z), ZeM(n,C).
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Then f is a holomorphic function on M(n, C), and has the properties that
fo(CK) = f(K), fo(K(r)) = B. Hence we have

(fK(r) ™ 0 (fc(CK)* =B (f(K)" =D
Therefore, we obtain by the Separation Lemma
(K(r)u CK)" =K(r)" v(CK)" =K(r)u CK.

Let s>2. Suppose that the lemma is proved for s—1 compact sets in
B(G), and C,, C,, ..., C,_, € G with the required propertiecs have been
obtained. Take 7> 0 such that

k()= (K0 (U CK.) ).

i=1

Applying the argument used in the case s=1 to K(¢) and K,, we get C,
with the required properties. ||

THEOREM 4. There exists a holomorphic function F on G such that for
any Ke B(G), for any fe o/ (K) and for any ¢ >0, there exists Ce G with

max |F(CZ)— f(Z2)| <e.
ZeK

Proof. Let # ={K,} { be a sequence in B(G) as in Proposition 1, and
let {f,} be a countable dense subset of .«/(M(n, C)) as in the proof of
Proposition 1.

Take r, with K; < K(r;). By Lemma 2 there exists C, ; € G such that
(K(ro)u Cy1K)" =K(rg)uCy 1K, and K(rg)nC, K;=¢. We can
choose r; >r, such that C; | K; = K(r;) and K, = K(r;). Inductively, we can
take sequences {r;} with 0 <ro<r;<--- <r;<--- and {C ;} <cs<i1<i<oo
< G such that

(1) K;<=K(r,_y),

2) <K<r,~_1)u<0 cs,iKs>>A=K(r,~_1>u<O C..K, )

s=1 s=1

(3) K(ri—l)mcs,iKs:ga 1<S<la
(4) CS, iKs N Ct, iKz= Qa S7ét

(5) Cs,iKscK(ri)’ 1 <S<l
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By the first condition we have )2, K(r;) =2, K;=G. Therefore, we
can define by induction a sequence {g;} ¢ of holomorphic functions on G
such that

(1) g(2)=0,
1
(2)  max [gi(Z)—g; 1(Z2)] <3,
ZeK(ri_y) 1
1
(3) max |g(2)—f(C;lZ) <5, l<s<i
ZeC K, ’ 1
We set

0
:Z 1—1

Then the series in the right-hand side converges uniformly on compact sets
in G, hence Fe «/(G). We have for 1 <s<i,

max |F(C, ,Z)— f(Z)|

ZeKS
= max |[F(W)—f,(C-}IW)]
WGC.\',iKs '
< max [F(W) = gi(W)|+ max _|g,(W)—f(C W)

s, iThs SlS

<Z max |g,.(W)— g(W)|+z
WEK( )

1 1 . . . :
7 - =n(i) with  lim #(i)=0.

2 X
71— 0O

We show that F has the required property. Let Ke B(G), f € .o/(K), and
&> 0. There exists s such that K< K. Choose i > s such that #(i) <¢/2 and

max |f(Z) — f(Z)] <3.

Zek
Then we obtain

max |F(C,,,Z) = f(Z)| <max |F(C,,,Z) = f{Z)| +max | /(Z) ~ /i Z)

ZekK ZeK;

&
<77(i)+5<8. |
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4. REMARKS

It is difficult in general to determine which compact set belongs to B(G).
However, we know that B(G) contains the following type of compact sets.

Suppose that the matrix 0 does not belong to the .o7(M(n, C))-hull of a
compact set K=K < G. Then there exists /'€ .«/(M(n, C)) such that | £(0)| >
max g | f(Z)|. Therefore f(0)¢(f(K))". Hence we have Ke B(G). In
particular, if n=1, we have B(G)= B(C*). Then Theorem 4 contains the
result in [26] due to the second author.

We also give a counterexample. Consider the mapping i: C = M(n, C)
defined by i(c) =cl. We set N:=i(C*) and K :=i(S'), where S! is the unit
circle. Then K is .«/(N)-convex. Since N is a closed submanifold of a Stein
manifold G, the restriction mapping from .o7/(G) to «/(N) is surjective. So
we see that K is .&/(G)-convex.

Suppose that Ke B(G). Then there exists fe.o/(M(n, C)) such that
f(0)¢(f(K))". Therefore we can take a holomorphic function g on C such
that [g(f(0))| > max, sy~ 1&({)]. However, we have

(g=/)0) =I(gefeD0)] smax [(gefei)(c)| =max |(g/)Z)].

This is a contradiction. Then K¢ B(G).

Finally we remark that Birkhoff’s theorem and Luh’s theorem can be
proved as a corollary of each other by Mergelyan’s theorem (of course
Birkhoft’s theorem is almost 50 years older). But a theorem analogous to
Birkhoft’s for the multiplicative group C* does not hold. We can see this
fact by the argument in Remark 2 in [26]. While for n =1 it is not possible
to find a universal function for all .o7(C*)-convex compact sets K, we do
not know whether such a function exists for G in the case n> 1. If this
question has a positive answer, then a theorem similar to Birkhoff’s one
will be true in G for n> 1.
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